シンプソンの公式をめぐって (応用函数解析としての情報数理の研究) by 高木, 啓行 et al.
Titleシンプソンの公式をめぐって (応用函数解析としての情報数理の研究)
Author(s)高木, 啓行; 井上, 朋久; 高橋, 眞映









Department of Mathematical Sciences, Faculty of Science, Shinshu University
(Tomohisa Inoue)
Graduate School of Science and Technology, Shinshu University
(Sin-Ei Takahasi)
Department of Basic Technology, Applied Mathematics and Physics, Yamagata University




(1) $\pi_{\acute{d}}^{J^{-}}/\grave{\Delta}$ $T= \frac{b-a}{2}(f(a)+f(b))$
(2) $M=(b-a)f(c)$
(3) $\mathit{3}=\frac{b-a}{6}(f(a)+4f(c)+f(b))$
, $c= \frac{a+b}{2}$ . $f(x)\geq 0$ , $T$ , 4 $(a, 0),$ $(b, 0),$ $(b_{3}f(b))_{7}$
$(a, f(a))$ , $M$ , $b-a$ $f(c)$
, , $S$ , 3 $(a, f(a)),$ $(c, f(c)),$ $(b, J^{l}(b))$
, $x=a,$ $x=b$ $x$ .
, , .
\S 1. $C^{2}[a, b]$
$f\in C^{2}[a, b]$ . , 3 (1) $\sim(3)$ ,
([1, \S 6] ).
(4) $|I-T| \leq\frac{(b-a)^{3}}{12}||f’’||$ , $|I-M| \leq\frac{(b-a)^{3}}{24}||f’’||$ , $|I-S| \leq\frac{(b-a)^{3}}{36}||f’’||$ .
, $||\cdot||$ ,
$||h||= \max\{|h(x)|$ : $a\leq x\leq b\}$ $(h\in C[a, b])$
.
, 3 (1) $\sim(3)$ , $\alpha,$ $\beta\in \mathbb{R}$ ,
$A(\alpha, \beta)=(b-a)(\alpha f(a)-\vdash(1-\alpha-\beta)f(c)+\beta f(b))$




, $|I-A(\alpha, \beta)|$ , .
1. $a<b,$ $c= \frac{a+b}{2}$ ) $f\in C^{2}[a, b],$ $\alpha,\beta\in \mathbb{R}$ ,
$|I-A( \alpha, \beta)|\leq\frac{(b-a)^{3}}{4\mathrm{S}}(2|\alpha|+|4\alpha-1|+2|\beta|+|4\beta-1|)||f’’||+\frac{(b-a)^{2}}{2}|\alpha-\beta||f’(c)|$




$\text{ }$ 1 , $\alpha=\beta=\frac{1}{2},$ $\alpha=\beta=0,$ $\alpha=\beta=\frac{1}{6}$ , (4) . ,
, $\alpha=\beta=\frac{1}{4}$ \emptyset \Phi$=\text{ }$ .
$A( \frac{1}{4},$ $\frac{1}{4})=\frac{b-a}{4}(f(a)+f(c))+\frac{b-a}{4}(f(c)+f(b))$
, 3 $a,$ $c,$ $b$ .
, . $f\in C[a_{\rangle}b]$ . $[a, b]$
$a=x_{0}<x_{1}<$ . . . $<x_{n}=b$
, $\sum_{i=0}^{n}w_{i}=1$ $w_{0},$ $w_{1},$ $\cdots$ , w ,
(5) $A(w_{0}, \cdots, w_{n})=(b-a)\sum_{i=0}^{n}w_{i}f(x_{i})$
, , 1 .
2. $a=x_{0}<x_{1}<\cdots<x_{n}=b,$ $f\in C^{2}[a, b]$ , $w_{0},$ $w_{1},$ $\cdots,$ $w_{n}$ $\sum_{i=0}^{n}w_{i}=1$
.





. , $w_{0},$ $w_{1},$ $\cdots,$ $w_{n}$ ,
$(w_{0}, w_{1}, \cdots, w_{n})=(\frac{r_{1}}{2},$ $\frac{r_{1}+r_{2}}{2},$ $\cdots,$
$\frac{r_{n-1}+r_{n}}{2}$ $\frac{r_{n}}{2})$
,







, $x_{0},$ $x_{1},$ $\cdots$ , $x_{n}$ . , $||f’’||$ ,
, . , (7) , $r_{1},$ $\cdots$ , $r_{n}$
, $r_{1}= \cdots=r_{n}=\frac{1}{n}$ ,
.
2 $[0, b-a]$ $\Phi$
$\Phi(t)=\sum_{i=1}^{n}(.[_{x_{\dot{\mathrm{c}}-1}}^{x_{i-1}+r_{\dot{\mathrm{t}}}t}f(x)dx-r_{i}t((1-\lambda_{i})f(x_{i-1})+\lambda_{i}f(x_{i-1}+rit)))$
. , $\Phi(0)=\Phi’(0);0$ ,
$\Phi’’(t)=\sum_{i=1}^{n}(r_{i}^{2}(1-2\lambda_{i})f’(xi-1+r_{i}t)-r_{i}^{3}\lambda_{i}tf’’(x_{\dot{n}-1}+r_{i}t))$
. , $i=1,$ $\cdots,$ $n$ , , $f’(x_{i-1}+r_{i}t)-f’(x_{i-1})=$
ritf” $(\tau_{i})$ $\tau_{i}$ , $(x_{i-1}, x_{i-1}+r_{i}t)$ , $|\Phi’’(t)|$ ,
$| \Phi’’(t)|\leq\sum_{i=1}^{n}(r_{i}^{3}(|\lambda_{i}|+|2\lambda_{i}-1|)||f’’||t+r_{i}^{2}|2\lambda_{i}-1||f’(x_{i-1})|)$
$\text{ _{}f}X\text{ }.\vec{}\text{ }$ ,
$|I-A(w_{0}, \cdots, w_{n})|=|\Phi(b-a)|\leq\oint_{0}^{b-a}|\Phi’(s)|ds\leq\int_{0}^{b-a}(\int_{0}^{s}|\Phi’’(t)|dt)ds$
, (6) . .
\S 2. $C^{1}[a, b]$
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3
$A((1-\lambda_{1})r_{1},$ $\lambda_{1}r_{1}+(1-\lambda_{2})r_{2},$ $\cdots$ , $\lambda_{n-1}r_{n-1}+(1-\lambda_{n})r_{n},$ $\lambda_{n}r_{n})$
. , $||f’||$ , ,
. , (8) , $r_{1},$ $\cdots,$ $r_{n}$
, $r_{1}= \cdots=r_{n}=\frac{1}{n}$ ,
.
\S 3. $C^{3}[a, b]$
, $f\in C^{3}[a, b]$ .
4. $a=x0<x_{1}<\cdots<x_{2n}=b,$ $f\in C^{3}[a, b]$ , $w0,$ $w_{1},$ $\cdots,$ $w_{2n}$
$\sum_{i=0}^{2n}w_{i}=1$ .
$r_{i}= \frac{x_{\dot{\mathrm{t}}}-x_{i-1}}{b-a}$ $(\mathrm{i}=1, \cdots, 2n)$
$\alpha_{1}=w_{0}$ , $\alpha_{i}=(w_{0}+\cdots+w_{2i-2})-(r_{1}+\cdots+r_{2i-2})$ $(i=2, \cdots, n)$
$\beta_{i}=(r_{1}+\cdots+r_{2i})-(w_{0}+\cdots+w_{2i-1})$ $(i=1, \cdots, n)$
,






. , $w_{0},$ $w_{1},$ $\cdots,$ $w_{n}$ , $r_{2i-1}=r_{2i}(i=1, \cdots, n)$ ,
$\backslash$
$(w_{0}, w_{17}w_{2}, w_{3}, w_{4}, \cdots, w_{2n-2}, w_{2n-1}, w_{2n})$
$=( \frac{r_{2}}{3},$ $\frac{4r_{2}}{3},$ $\frac{r_{2}+r_{4}}{3},$ $\frac{4r_{4}}{3},$ $\frac{r_{4}+r_{6}}{3},$ $\cdots$ , $\frac{r_{2n-2}+r_{2n}}{3})\frac{4r_{2n}}{3},$ $\frac{r_{2n}}{3})$
$-\backslash 3$ ’ 3’3’3 ’ 3 ’ ’3 ) 3 ’3 /
, ,
(9) $|I-A| \leq\frac{(b-a)^{4}}{36}\sum r_{2i}^{4}||f’’’||n$
$i=1$
. , $A=A( \frac{r_{2}}{3},$ $\frac{4r2}{3},$ $\frac{r_{2}+r_{4}}{3},$ $\frac{4r_{4}}{3}$ ) $\frac{r_{4}+r_{6}}{3},$ $\cdots,$ $\frac{r_{2n-2}+T2n}{3},$ $\frac{4r_{2n}}{3},$ $\frac{r_{2n}}{3})$ .
4
$A( \frac{r_{2}}{3},$ $\frac{4r_{2}}{3},$ $\frac{r_{2}+r_{4}}{3},$ $\frac{4r_{4}}{3},$ $\frac{r_{4}+r_{6}}{3},$ $\cdots,$
$\frac{r_{2n-2}+r_{2n}}{3},$ $\frac{4r_{2n}}{3},$ $\frac{r_{2n}}{3})$
, $x_{0},$ $x_{2},$ $x_{4},$ $\cdots,$ $x_{2n}$ . , $||f’’’||$
, , . , (9)
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$C(X)$ , $C(X)^{*}$ . $\mathrm{S}\subset C(X),$ $\mu\in C(X)^{*}$ ,
$x_{1},$ $\cdots,$ $x_{n}\in X$ ,
$W=\{(w_{1}, \cdots, w_{n})\in \mathbb{R}^{n}$ : $f\in \mathrm{S}$ , $\mu(f)=\sum_{i=1}^{n}w_{i}f(x_{i})\}$
. , 2 $M(w_{1}, \cdots, w_{n})$ $C(X)$
$|||\cdot|||$ .
1. $f\in C(X)$ $(w_{1\}}\cdots\rangle w_{n})\in W$ ,
$| \mu(f)-\sum_{i=1}^{n}w_{i}f(x_{i})|\leq M(w_{1}, \cdots, w_{n})|||f|||$ .
2. $f\in \mathrm{S}$ , $|||f|||=0$ .
$X=[a, b]$ , $\mathrm{S}$ : $\text{ ^{}\prime}$ 5 F \sigma 3 $\#\mathrm{g}\subset \mathit{1}\infty$ , $\mu(f)=l^{b}f(x)dx$
, \S 1\sim \S 3 . , (4) 1
, $I= \int_{a}^{b}f(x)dx$
(5) . 2\sim 4 ,
, .
.
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